This article generalizes the conditional probability interpretation of time in which time evolution is realized through entanglement between a clock and a system of interest. This formalism is based upon conditioning a solution to the Wheeler-DeWitt equation on a subsystem of the Universe, serving as a clock, being in a state corresponding to a time t. Doing so assigns a conditional state to the rest of the Universe |ψS(t) , referred to as the system. We demonstrate that when the total Hamiltonian appearing in the Wheeler-DeWitt equation contains an interaction term coupling the clock and system, the conditional state |ψS(t) satisfies a time-nonlocal Schrödinger equation in which the system Hamiltonian is replaced with a self-adjoint integral operator.
I. INTRODUCTION
In quantum theory, time enters through its appearance as a classical parameter in the Schrödinger equation, as opposed to other physical quantities, such as position or momentum, which are associated with self-adjoint operators and treated dynamically. Operationally, this notion of time is what is measured by the clock on the wall of an experimenter's laboratory. The clock is considered to be a large classical object, not subject to quantum fluctuations, and does not interact with the system whose evolution it is tracking. Quantum theory describes the evolution of physical systems with respect to such a clock.
The canonical quantization of gravity leads to the Wheeler-DeWitt equation: physical states are annihilated by the Hamiltonian of the theory. In other words, the wave function of the Universe -which includes the experimenter's clock, the system the experimenter is interested in, and everything else -is in the ground state of its Hamiltonian. Combined with the Schrödinger equation, the Wheeler-DeWitt equation dictates that the physical states of the theory do not evolve in time. How then do we explain the time evolution we see around us? This dilemma constitutes one aspect of the problem of time, and is sometimes phrased as the problem of finding a background-independent quantum theory [1, 2] .
A necessary requirement for any quantum theory of gravity is to answer this question and explain how the familiar Schrödinger equation comes about from the Wheeler-DeWitt equation. The conditional probability interpretation of time offers an answer. As introduced by Page and Wootters [3] [4] [5] [6] , the conditional probability interpretation defines the state of a system at a time t as a solution to the Wheeler-DeWitt equation conditioned on a subsystem of the Universe, serving as a clock, to be in a state corresponding to the time t. Given an appropriate choice for the Hamiltonian of the Universe and choice of clock, one finds this conditional state of the system satisfies the Schrödinger equation.
This interpretation of time was initially criticized by Kuchar [2, 6] , who argued that it was unable to reproduce the correct two-time correlation functions, i.e., supposing a system was initially prepared in some state, what is the probability of finding the system in a different state at a later time? This criticism has since been overcome in two different ways: first, by correctly formulating the two-time correlation functions in terms of physical observables [7] , and second, by modelling the measurement of the two-time correlation function as two successive von Neumann measurements [8] .
Recently, the conditional probability interpretation of time has received considerable attention. Gambini et al. [9] [10] [11] have demonstrated that the conditional probability interpretation can result in a fundamental decoherence mechanism and explored the consequences of this fact in relation to the black hole information loss problem [12] . Leon and Maccone [13] have shown that this interpretation overcomes Pauli's objection to constructing a time operator in quantum mechanics. Others have applied the formalism to a number of different systems and commented on various aspects of the proposal [14] [15] [16] [17] .
The purpose of this article is to extend the conditional probability interpretation of time to take into account the possibility that the system being employed as a clock interacts with a system whose evolution the clock is tracking. As gravity couples everything, including clocks, this extension is necessary if the conditional probability interpretation of time is to be applied in a quantum gravitational setting. We find that taking into account a possible clock-system interaction within the conditional probability interpretation of time results in a time-nonlocal modification to the Schrödinger equation.
We begin in Sec. II by reviewing the timeless formulation of classical mechanics [18, 19] and its quantization. In Sec. III we introduce the conditional probability interpretation of time and its generalization to interacting clocks and systems, which results in a modified timenonlocal Schrödinger equation. We derive a series solution to this modified Schrödinger equation and demon-strate that it satisfies a forward composition law at leading order in the interaction strength. We conclude in Sec. IV with a summary of the results presented and comment on future directions of research.
II. THE HAMILTONIAN CONSTRAINT IN CLASSICAL AND QUANTUM MECHANICS
Both classical and quantum mechanics describe the evolution of the state, or equivalently the observables, of a physical system in time. However, general relativity demands that time itself be treated like any other physical system, that is, time should be treated dynamically. In this context, the dynamics of both classical and quantum mechanics describe relations between two physical systems: a clock, which indicates the time, and everything else. In this section we present a formulation of classical mechanics in which time is treated dynamically and on equal footing with the system whose evolution we are interested in. We then pass over to the corresponding quantum theoryà la Dirac [20] .
Consider a system S described by the action
where L S (q, q ) is the Lagrangian associated with S, q = q(t) denotes a set of generalized coordinates describing S, and q = q (t) denotes the differentiation of these coordinates with respect to t. Let us introduce an integration parameter τ and promote t to a dynamical variable t(τ ), which we associate with the reading of a clock C. Through application of the chain rule, the action may be expressed as
where L q,q,ṫ :=ṫL S q,q/ṫ is the Lagrangian describing both C and S and the dot denotes differentiation with respect to τ . The Hamiltonian associated with L q,q,ṫ is obtained by a Legendre transformation with respect to bothq andṫH
where
is the Hamiltonian associated with L S (q, q ) and we have used the fact that the momentum conjugate to q defined by L q,q,ṫ is
which coincides with the momentum conjugate to q defined by L S (q, q ). The momentum conjugate to t is
In light of Eq. (5), we see that the term inside the brackets in Eq. (3) is constrained to vanish
where ≈ indicates weak equality in the sense of Dirac [20] . We will refer to H as the total Hamiltonian as it describes both C and S.
It is natural to ask if the total Hamiltonian given in Eq. (6) is the most general possible. The answer is no. The total Hamiltonian can differ in two important ways:
1. An additional term H int = H int (t, p t , q, p q ) may be included in the total Hamiltonian, which couples C and S; this term will be referred to as the interaction Hamiltonian.
2. The momentum p t may be replaced by a function of the conjugate variables associated with C, which we will refer to as the clock Hamiltonian and denote by H C = H C (t, p t ). Note that in general C may be a composite system and have more than just one pair of conjugate variables.
Accounting for these generalizations, the most general total Hamiltonian is
Motivating these generalizations is our best theory of time: general relativity. The Hamiltonian formulation of general relativity does not admit a total Hamiltonian of the form given in Eq. (6) . Total Hamiltonians that are linear in one of the conjugate momenta, like Eq. (6), indicate there is a preferred time variable in the theory [21] , and this structure is not present in general relativity. Further, gravity couples everything, including a clock and the system whose evolution it is tracking. Therefore, in a gravitational setting, we should expect an interaction Hamiltonian H int to appear in the total Hamiltonian H coupling C and S.
We now wish to quantize the theory described by the total Hamiltonian given in Eq. (7) . To do so, we follow the prescription given by Dirac [20] . We associate with C and S the Hilbert spaces H C and H S , respectively. The total Hamiltonian H becomes an operator acting on the kinematical Hilbert space H kin H C ⊗ H S , and the constraint in Eq. (7) becomes (8) where I C and I S denote the identity operators on H C and H S , respectively. The double ket notation is used to remind us that | ψ is a state of both the clock and system. States | ψ satisfying the constraint are in the physical Hilbert space H phys ⊂ H kin ; states in the physical Hilbert space | ψ ∈ H phys will be referred to as physical states. To completely specify the physical Hilbert space H phys one must also choose an inner product on H phys , which we will do in the following section.
In general, the physical states evolve unitarily with respect to an external time, this evolution being generated by the total Hamiltonian. However, in totally constrained theories, such as the one defined by Eq. (8), the physical states are annihilated by the total Hamiltonian, H | ψ = 0, and therefore do not evolve with respect to any external time. The question then arises, how do we recover the dynamics we see around us from the frozen state | ψ ? How does the Schrödinger equation come about from the constraint H | ψ = 0?
These questions constitute one aspect of the problem of time in quantum gravity [1, 2] . The conditional probability interpretation of time offers a way to reconcile the fact that the physical states are frozen with the time evolution described by quantum theory. In this formalism the dynamics of S are encoded in entanglement shared between C and S in the physical state | ψ . The outcome of a measurement of an observable on S at a specific time t, is interpreted as a measurement of the physical state | ψ conditioned on the clock being in a state corresponding to the time t.
III. THE CONDITIONAL PROBABILITY INTERPRETATION
We now introduce the conditional probability interpretation of time for theories described by the general total Hamiltonian given in Eq. (8), which includes the possibility of an interaction Hamiltonian H int coupling C and S. We will introduce the state of the system at time t by conditioning a solution to the constraint | ψ on the clock being in a state corresponding to the time t. This state of the system will be seen to satisfy the Schrödinger equation in the limit where H int vanishes.
A. The modified Schrödinger equation
In the classical theory specified by the total Hamiltonian given in Eq. (6), time is defined operationally as the outcome of a measurement of the phase space variable t associated with a clock governed by the Hamiltonian H C = p t . In this case, the variable t is canonically conjugate to the clock Hamiltonian.
The quantized version of this notion of time is to define time as a measurement of a self-adjoint time operator T on the clock Hilbert space H C which is canonically conjugate to the clock Hamiltonian H C , ( = 1)
In other words, states of the clock indicating different times correspond to eigenstates |t of the time operator T , and the associated eigenvalue t is the time indicated by the clock. Employing the Baker-Campbell-Hausdorff formula, we see that as a consequence of the commutation relation in Eq. (9), H C generates translations of T
Resolving the identity on H C as I C = dt |t t| and making use of the spectral representation of the time operator T = dt t |t t|, Eq. (10) may be expressed as
or
up to an overall phase. We refer to the set of states {|t | ∀ t} as the clock states. We now define the state of the system at time t as a solution to the constraint in Eq. (8) conditioned on the clock being in the state |t
where |ψ S (t) ∈ H S . The state |ψ S (t) should be thought of as the time-dependent state of the system in the conventional formulation of quantum mechanics. Note that with this definition of the system state we may express the physical state | ψ as
As mentioned above, we need to choose an inner product for the physical Hilbert space H phys . We will choose this inner product to be ψ|φ phys := ψ| |t t| ⊗ I S |φ ,
for two states | ψ and | φ in H phys , and demand that the inner product is independent of the choice of t [22] . We will also require that states in H phys are normalized with respect to this inner product
From the above equation, we see that this choice of inner product and normalization of the physical states ensures that the system state |ψ S (t) is properly normalized at all times. Consequently, we can maintain the usual probabilistic interpretation of |ψ S (t) . Let us observe how |ψ S (t) changes with the parameter t labeling the clock states by acting on both sides of Eq. (13) with id/dt:
The rectangular prism is a pictorial representation of the state | ψ = dt |t |ψS(t) . The horizontal axis represents the Hilbert space associated with the clock HC and the directions orthogonal to the horizontal axis represent the Hilbert space of the system state HS. The system state |ψS(t0) at the time t0 is obtained by conditioning | ψ on the clock being in the state |t0 and pictorially represented by a slice of the rectangular prism. Adapted from Giovannetti et al. [8] .
Using the fact that H | ψ = 0 we find |ψ S (t) satisfies
Inserting a resolution of the identify on H C in terms of the clock states I C = dt |t t| between H int and | ψ in the second term of Eq. (18) and using the definition of the system state in Eq. (13), we find
where K(t, t ) := t| H int |t is an operator acting on H S . We will refer to Eq. (19) is a linear integral operator on H S with integration kernel K(t , t); we will denote this integral operator as
Note [23] , H K is a self-adjoint operator if and only if K(t, t ) † = K(t , t), which is seen to be true from the definition of K(t, t )
and therefore H K is self-adjoint. With the definition of H K , let us write the modified Schrödinger equation in a more suggestive form
Expressed this way, the modified Schrödinger equation can be seen as the ordinary Schrödinger equation with the system Hamiltonian H S replaced with the self-adjoint integral operator H S + H K . The modified Schrödinger equation is nonlocal in time, which means that to verify whether |ψ S (t) is a solution requires knowledge of |ψ S (t) at all times t, rather than a small neighbour around t as is the case for the usual Schrödinger equation. This is due to the presence of the integral operator H K whose kernel K(t, t ) does not vanish when t = t .
To maintain the usual probabilistic interpretation of the system state |ψ S (t) , the evolution described by the modified Schrödinger equation must preserve its norm (23) In other words, the time evolution described by the modified Schrödinger equation is an isometry. Evaluating
Since K(t, t ) := t|H int |t , Eq. (24) is a condition on the interaction Hamiltonian such that the modified Schrödinger equation preserves the norm of the system state. We now show that Eq. (24) is satisfied so long as the physical state associated with the clock and system is normalized as per Eq. (16). Using Eq. (14) and the definition of K(t, t ), the left-hand side of Eq. (24) can be expressed as
which vanishes if the physical inner product is independent of t. Therefore, the condition given in Eq. (24) is equivalent to demanding that the physical inner product is independent of t, as demanded by Eq. (16). From Eq. (14) we see that | ψ is an entangled state of the clock and system. This entanglement encodes the time evolution of the system state |ψ S (t) generated by the modified Schrödinger equation. This is somewhat analogous to the situation in general relativity. The state | ψ is analogous to the 4-dimensional spacetime metric -neither evolve with respect to an external time. However, one can foliate the 4-dimensional spacetime by spacelike hypersurfaces (by choosing a clock), and then the 4-dimensional metric encodes the evolution from one hypersurface to the next of the induced 3-metric and its conjugate momentum on these hypersurfaces. This evolution is analogous to the evolution of the system state |ψ S (t) governed by the modified Schrödinger equation.
B. A class of interaction Hamiltonians

Consider the following interaction Hamiltonian
where f i (T ) is a self-adjoint function of the time operator T and S i is a self-adjoint operator on H S . The operator K(t, t ) associated with this interaction Hamiltonian is
One can easily verify that this K(t, t ) satisfies the condition in Eq. (24) . Substituting Eq. (27) into the modified Schrödinger equation and simplifying, we find
which we recognize as the ordinary Schrödinger equation with the system Hamiltonian H S replaced with the timedependent Hamiltonian
Therefore, an interaction Hamiltonian of the form given in Eq. (26) results in a time-dependent evolution of the system state.
C. Solving the modified Schrödinger equation
To further explore the consequences of an interaction Hamiltonian H int = λH int , where we have made the interaction strength λ ∈ R explicit, we seek a series solution in λ to the modified Schrödinger equation.
Suppose the modified Schrödinger equation can be solved for |ψ S (t) in terms of a time evolution operator V (t, t 0 ), so that the solution may be given as
where |ψ S (t 0 ) ∈ H S is the state of the system at the time t = t 0 and V (t 0 , t 0 ) = I S . Suppose V (t, t 0 ) may be expanded in powers of λ as
Upon substituting |ψ S (t) = V (t, t 0 ) |ψ S (t 0 ) into the modified Schrödinger equation and equating terms at equal order in λ, we find the operator V 0 (t, t 0 ) satisfies
and we see that V 0 (t, t 0 ) is the usual Schrödinger time evolution operator U (t, t 0 ) := e −iH S (t−t0) . The higher order operators V n (t, t 0 ) satisfy
whereK(t, t ) := t|H int |t . The solution to Eq. (33) is given by the recurrence relation
Using Eqs. (32) and (34), the time evolution operator V (t, t 0 ) may be expanded to leading order in λ as
Equation (35) is analogous to the Dyson series, and reduces to the Dyson series when the integration kernel is of the form given in Eq. (27) .
By construction (see Eq. (23)) V (t, t 0 ) is an isometry, V (t, t 0 ) † V (t, t 0 ) = I S ; however, if the system Hilbert space H S is infinite dimensional this does not necessarily imply that V (t, t 0 ) is a unitary operator. Nonetheless, V (t, t 0 ) satisfies a forward composition law at leading order in λ. Suppose t 3 > t 2 > t 1 , and observe
Thus, at leading order in λ, the time evolution described by V (t, t 0 ) satisfies a forward composition law.
IV. CONCLUSIONS AND OUTLOOK
In this article we have generalized the conditional probability interpretation of time to account for an interaction between a clock and the system whose evolution it is tracking. This is a necessary consideration if the conditional probability interpretation is to be applied to any model of quantum gravity because gravity couples everything, including any clock and system. In the case of an interaction between the clock and system, we find the conditional state of the system |ψ S (t) satisfies a modified time-nonlocal Schrödinger equation. A series solution in the interaction strength to this modified Schrödinger is derived.
We find that when the interaction Hamiltonian H int is of the form given in Eq. (26), the modified Schrödinger equation becomes the usual Schrödinger equation with a time-dependent Hamiltonian dependent on H int . In the limit when the interaction between the clock and system vanishes, H int = 0, the modified Schrödinger equation reduces to the ordinary Schrödinger equation.
As it stands, the conditional probability interpretation of time does not specify a unique choice of clock states, and thus does not address the multiple choice problem [2] (although [16] offers a possible resolution). In this article we chose clock states that are completely delocalized in the energy basis of the clock, that is, eigenstates of the operator canonically conjugate to the clock Hamiltonian. These clock states are maximally asymmetric under the action of the group generated by the clock Hamiltonian, which suggests that an appropriate figure of merit for choosing the clock states may come from the resource theory of asymmetry [24, 25] .
Future work will focus on realizing specific examples of the developed formalism. It should be noted that although the results presented were in the context of nonrelativistic quantum mechanics, in principle, there is nothing stopping the application of the conditional probability interpretation to relativistic quantum field theory and theories of quantum gravity.
Another avenue to explore is the possibility of replacing the infinite dimensional clock Hilbert space with a finite dimensional one. The canonical commutation relations between the clock Hamiltonian and time operator in Eq. (9) will no longer be satisfied. However, it is still possible to define a self-adjoint time operator that satisfies an approximate canonical commutation relation with the clock Hamiltonian [26] . It will be interesting to explore the role the dimension of the clock Hilbert space plays in a classical limit.
Another task will be to generalize the above formalism to mixed states. This will allow for the investigation of how an interaction between the system and clock effects the fundamental decoherence mechanism discussed by Gambini et al. [9] [10] [11] [12] .
